The microcanonical transfer matrix is used to study the zeros of the partition function of the Q-state Potts model. Results are presented for the Yang-Lee zeros of the 3-state model, the Fisher zeros of the 3-state model in an external field H q < 0, and the spontaneous magnetization of the 2-state model. In addition, we are able to calculate the ground-state entropy of the 3-state model and find s 0 = 0.43153(3) in excellent agreement with the exact value, 0.43152...
I. Introduction
The Q-state Potts model [1] in two dimensions exhibits a rich variety of critical behavior and is very fertile ground for the analytical and numerical investigation of first-and second-order phase transitions. With the exception of the Q = 2 Potts (Ising) model in the absence of an external magnetic field [2] , exact solutions for arbitrary Q are not known. However, some exact results have been established for the ferromagnetic Potts model [1] . For Q ≤ 4 there is a second-order phase transition, while for Q > 4 the transition is first order.
The bond-energy for the Q-state Potts model is (in dimensionless units)
where < i, j > indicates a sum over nearest-neighbor pairs, σ i = 0,...,Q − 1, and E is a positive integer 0 ≤ E ≤ N b , where N b is the number of bonds on the lattice. In addition to the energy there are Q order parameters
where q is a fixed integer between 0 and Q−1. Note that 0 ≤ M q ≤ N s is also an integer and N s is the number of sites on the lattice. If we denote the density of states with energy E by Ω(E), then the partition function for the Potts model is
where y = e −β . From (3) it is clear that Z(y) is simply a polynomial in y. If we wish to study the partition function in an external field which couples to the order paramter, (2), then one needs to enumerate the states with fixed energy E and fixed order parameter M , Ω(M, E). The partition function in a magnetic field H q is again a polynomial given by
where x = e βHq .
II. Microcanonical transfer matrix
By the microcanonical transfer matrix (µTM) [3] it is possible to obtain exact integer values for Ω(E) and Ω(M, E). Here we describe briefly the µTM on an L × L lattice with cylindrical boundary conditions. First, an array, ω, which is indexed by the energy E and L variables σ i , 0 ≤ i ≤ L − 1 for the first row of sites is initialized as (5) where h(q, p) is the contribution to the energy from a single bond.
Following the Binder algorithm [4] , each spin in the row is traced over in turn, introducing a new spin variable from the next row,
This procedure is repeated until all the spins in the first row have been traced over, leaving a new function of the L spins in the second row. The horizontal bonds connecting the spins in the second row are then taken into account by shifting the energy,
This procedure is then applied to each row in turn until the final row is reached. The density of states is then given by
III. Partition function zeros
The analytic structure of the partition function is completely determined by its Yang-Lee (YL) zeros in the complex x plane [5] and its Fisher zeros in the complex y plane [6] . Using the µTM we have studied the YL zeros of the two-dimensional Potts model for Q = 2, for which the circle theorem of Lee and Yang [5] applies, and, for the first time, for Q > 2 [7] . Figure 1 shows the YL zeros for the three-state Potts model. At y = 0.5y c the zeros are uniformly distributed close to the unit circle. As the temperature is increased the edge singularity moves away from the real axis and the zeros detach from the unit circle. Finally, as y approaches unity, the zeros converge on the point x = 1 − Q [7] . The Q-state model in an external field H q < 0 is in the same symmetry class as the Q − 1 state model. We have studied the Fisher zeros of the 3-state model as a function of H q [8] and determined the critical point and exponents. The critical line is shown in Figure 2 .
By introducing the density of zeros g(θ, y) Lee and Yang [5] showed that the spontaneous magnetization of the Ising model is given by m 0 (y) = 2πg(0, y).
Even though they have calculated the density of zeros of the one-dimensional Ising model and confirmed the well-known fact that the model does not exhibit ferromagnetism, the exact form of the density of zeros is not known for d ≥ 2. We have studied the density of zeros of the two-dimensional Ising model numerically [9] , and using (9) we have calculated the spontaneous magnetization ( Figure 3 ) which agrees very well with the exact result [2] .
IV. Ground-state entropy
The antiferromagnetic Potts model (APM) is much less well understood than its ferromagnetic counterpart. One of the most interesting properties [10] of this model is that for Q > 2 the ground-state is highly degenerate and the ground-state entropy is nonzero. However, the exact ground-state entropy of the APM is not known except for Q = 3, where the ground-state entropy per site is [11] 
From the density of states we have obtained the exact ground-state entropy for finite lattices. Table 1 shows the ground-state degeneracy Ω 0 (L) of the L × L three-state APM. The ground-state entropy is then given by
By using the Bulirsch-Stoer (BST) algorithm [12] , we have extrapolated our results for finite lattices to infinite size. The BST estimate for Q = 3 is s 0 = 0.43153(3), in excellent agreement with (10).
V. Discussion
Using the µTM, we have calculated the restricted density of states Ω(M, E) from which the partition function at any temperature and in an arbitrary magnetic field can be evaluated. We have studied the Yang-Lee zeros of the 3-state model and demonstrated that, unlike the Ising model, the locus of zeros is not a circle. Following Lee and Yang we have used the density of zeros to calculate the spontaneous magnetization for the 2-state model and we are currently extending this work to Q > 2. Since the zeros of the partition function encompass both the ferromagnetic and antiferromagnetic regimes, we are currently investigating the critical behavior of the antiferromagnetic Potts model. Also, the µTM is easily extended to three-dimensional lattices, and we are now extending all of the above calculations to cubic lattices.
Recently it has been suggested [13] that the microcanonical entropy may exhibit weaker finite-size effects than the free energy. The microcanonical ensemble also facilitates the study of phase coexistence and the study of phase transformations in cluster and nuclear physics [13] . The µTM method yields exact values for the microcanonical entropy of finite systems allowing us to study finite size effects in the microcanonical ensemble.
